Abstract: System of hard squares in two dimensions (2D) has been studied by Monte Carlo simulations. The simulations indicate that the isotropic fluid phase in this system does not freeze into a 2D 'crystalline' phase (of square lattice and quasi-long-range translational order) but transforms into an intermediate phase with the quadratic quasi-long-range orientational order (of coupled molecular axes and intermolecular bonds) and the translational order decaying faster than algebraically. The equation of state and the specific heat of the system are surprisingly well reproduced by smoothed version of the free volume theory in the whole density range.
INTRODUCTION
Studies of simple, well defined models are the key to understand complex behaviours observed in real systems. A well known example of this approach is the hard sphere system which has been used for modelling liquids and their freezing [1] . Existing in nature liquid crystalline and plastic crystalline states, exhibiting intermediate order between crystals and liquids stimulated development of models with anisotropic hard molecules. It has been shown by computer simulations that purely geometrical interactions can lead to various phases whose existence is related to molecular anisotropy. Amongst them are various kinds of liquid crystals [2] [3] [4] and plastic crystals [2, 5, 6] , which have been known in nature for long time. Recently, there were also found examples of new kinds of order, like the cubatic phase in the system of cut spheres [7, 8] or the degenerate crystal of hard dimmers [9, 10] . New phases have been shown to exist in systems of multi-rod molecules of zero volume [7] . Such molecules, being generalization of the Onsager's rods [11] , allow for modelling generalized nematics, i.e. fluids with orientational order of any point group symmetry with an inversion centre [12] . Because the volume of real molecules is larger than zero, in contrast to the model multi-rods, a question arises if exotic, i.e. non-axial, nematics can be obtained in systems of hard body molecules of positive volume (and positive second virial coefficient). Cut spheres suggest positive answer to this question in three dimensions (3D). In two dimensions (2D) the answer to such a question is not known and it is one of problems addressed in the present paper.
Very simple 2D molecules, one can consider as candidates for mesogens of the exotic nematics, are the regular polygons. Such bodies represent special cases of convex bodies for which many general results has been obtained [13] ; in particular the second virial coefficient is known exactly [14] . Amongst the regular polygons, these of a small number of sides (triangle, square, etc), the most different from the circle, seem to offer best chances to generate mesophases of symmetry different from the axial one. In the present paper we consider the square. In such a case the symmetry of the hypothetical exotic liquid crystalline phase should be the same as the symmetry of the molecule. (In the case of triangles one should expect hexagonal symmetry of a liquid crystalline phase, if such a phase would be stable.) The square 'molecule' is a limiting case of hard rectangular bodies for which some higher virial coefficients have been recently obtained [15] and whose phase diagram has been studied recently [16] .
Hard squares are interesting not only as a potential mesogen for liquid crystalline phases.
Studies of anisotropic particles in 2D can, in general, throw a new light on still controversial problem of 2D melting [17, 18] and possible kinds of order in 2D. Difference of topology between three-dimensional (3D) and two-dimensional (2D) systems allows for qualitative differences in the nature of order and melting transition in three and two dimensions. 2D
"crystals" with short range interactions between molecules cannot exhibit any true long-range translational order at positive temperature [19] [20] [21] [22] is typical for fluids.) This is in contrast with crystals in 3D for which periodicity, implied by the long range translational order, is one of the most fundamental properties. The periodicity of 3D crystals is lost only at melting, and the melting itself is, according to the general experience, a first-order phase transition. The lack of a true long-range translational order in 2D crystals does not imply, however, as one might conclude from the theory proposed by Kosterlitz and Touless [23] , that the melting transition between a low temperature (high density) 2D solid and a high temperature (low density) fluid is continuous. Computer simulations strongly indicated first order character of melting in 2D model systems with short range interactions (for references see the review papers in Refs. [24] [25] [26] [27] ). Barker and Henderson calculated explicitly the positional fluctuations in the hard disc system and concluded that they are quantitatively very small even for systems of macroscopic size [24] . Such observations might suggest that the nature of melting of 2D systems with "physical", i.e. short range, interactions is not much different from that observed in 3D systems. Simulations of large Lennard-Jones system [28] showed, however, that it is not so. No two-phase coexistence in the standard meaning was found in the melting region in this system. On the contrary, the system appeared to be quite homogeneous in this region [28, 29] . Moreover, in the intermediate region between fluid and 'crystal', a quasi-long-range order of bonds connecting the nearest neighbouring particles has been found [28] .
It is generally accepted that in the absence of the translational long-range order, the longrange orientational order of bonds connecting the nearest neighbouring particles is that which is lost at melting of 2D crystals. In the theory of Kosterlitz and Thouless [23] the process responsible for destruction of this order is the dislocations unbinding [23] . Halperin and Nelson [30] noticed that dislocation unbinding alone cannot lead to isotropic fluid. They proposed a second transition, dislocations unbinding, as the final step in the 2D melting.
According to their theory, generalized by Young [31] (and further referred to as the KTHNY theory), a 2D crystal may melt via two second-order transitions. In such a case the 2D crystal is separated from the fluid by a new phase with quasi-long-range orientational order and without translational order. Computer simulations did not support such a scenario for isotropic particles with short-range interactions [25] [26] [27] . On the other hand, some experiments performed with liquid crystalline layers indicated relevance of the two-stage melting to such systems [32] . Kleinert proposed a certain lattice model explaining qualitatively this situation [33] . In the free energy expansion he considered an additional term which he related to molecular anisotropy [33] . Janke and Kleinert [34] studied this model and observed either a single first-order transition or two continuous transitions, depending on the value of a coefficient at the new term. It is not obvious, however, if and when the expansion proposed by Kleinert is applicable to real systems. Although his results indicate that molecular anisotropy is required for two-stage melting, they cannot be seen as a definite argument that the molecular anisotropy is sufficient for such a melting scheme. Hence, a question arises if the molecular anisotropy itself can lead to a two-stage melting in two dimensional systems and, if yes, how large should it (the molecular anisotropy) be.
In general, translational-rotational coupling present in systems of anisotropic particles may lead to qualitatively new orderings, absent in the case of isotropic particles. In the case of square particles one cannot exclude a priori neither an orientationally disordered (plastic) crystal nor orientationally ordered (liquid crystalline) fluid. In the latter case the molecular anisotropy may, in principle, lead to any of three possibilities: (i) a phase with molecular orientational (MO) order and without bond orientational (BO) order (nematic phase of 4-fold symmetry), (ii) a phase with a BO order and without a MO order, and -if the molecular orientations couple to the bond-bond orientations -(iii) a phase (further referred to as tetratic) with both (4-fold) MO and BO order. The first two cases, with no coupling between molecular orientations and bonds do not seem to be plausible in the case of hard squares, if one takes into account results of the Refs. [35, 36] : systems with non-separable interaction potential are expected to exhibit a coupling between the molecular orientations and the bond orientations.
At present the most efficient way to check if any of the possibilities mentioned above holds in the case of the squares are Monte Carlo simulations.
One more reason for which the squares constitute theoretically attractive system is a strong degeneracy of their close packed structure. Squares can be densely packed into uncorrelated parallel rows what may allow for non-crystalline order even at highest densities; compare the case of hard dumb-bells of high anisotropy [9, 10] . In the case of squares, in place of the 2D crystalline phase, one might find a thermodynamically stable 2D analogon of a 3D smectic or columnar phase.
Although the hard square 'molecule' seems to be a rather odd object, both for its idealized shape and the 2D nature, the remarks presented above encouraged us to its study. Discussing the problem of the shape, we would like to add here that square shape of a molecule is expected to favour structures of square symmetry which do not need to be elastically isotropic. This is a complication from one side and a chance for new behaviours from the other. The problem of physical meaning of 2D models is also worth to be mentioned. Although one could object that 2D systems are not physical at all, as real systems are composed of atoms and molecules which have dimensionality three, 2D models are interesting for studies of influence of the dimensionality on various properties of many body systems. Except the purely theoretical significance, 2D models are also convenient idealizations of real systems such as, e.g., thin layers and films adsorbed on solid surfaces or on surfaces of liquids. One should stress that, in the case of liquid crystals, thin layers and films are of great importance for practical applications.
The structure of the paper is as follows. Brief description of the simulation method used is contained in the section 2. In the section 3 the simulation results of the equation of state (EOS) and the specific heat are compared with some theoretical approximations. Studies of the structure and the order in the system are presented in the section 4. Section 5 contains the summary and conclusions.
THE SIMULATIONS
Simulations were performed using Monte Carlo (MC) method in the constant pressure (NpT) ensemble. Two sizes of the system were studied thoroughly: N = 196 particles, further referred to as the small (S) system and N = 784 particles, further referred to as the large (L) system. At certain values of pressure, characteristic for different structures observed in the system and covering the transitions between them, some runs were also performed for the largest (XL) system of N = 3136 particles. The particle moves consisted of simultaneous translations and orientational changes. The maximum amplitudes of the x-and y-components of the translational displacements were equal to the maximal amplitude of the change of particle orientation (measured in radians). The acceptance ratio for the particle moves was between 30 and 40 percent.
In the case of the S system the typical length of a run used to calculate the EOS was 2 × 10 4 cycles after equilibration of the same length. For the L system the runs, in which the averages were computed, were twice as long. Final configuration of a previous run in a se-
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239 quence was used as the starting configuration in the following run of the sequence. Box moves during equilibration were tried N 1/2 more often than single particle moves. After equilibration, the number of trial moves of the box was equal to the number of the trial moves of a single particle (i.e. one per cycle). The acceptance ratio for the box moves was between 20 and 30 percent. In the case of runs performed in the fluid phase the shape of the box of periodicity was typically fixed as a square, whereas for the solid phase the box was a rectangle of variable shape. In the transition region, as well as to calculate the orientational correlations in the system, extra runs, five or more times longer than those used in the EOS computations, were performed.
For the XL system the initial configurations were either perfect crystalline lattices (of the density estimated from the isotherm of the L system) or uniformly expanded equilibrium configurations obtained at higher pressures or configurations obtained by quadrupling the L system. Typical runs were (1 ÷ 2) × 10 5 cycles long with one trial move of the box per cycle.
THE EQUATION OF STATE AND THE SPECIFIC HEAT

The EOS
For N = 196 squares two series of runs were performed. In the first series, the particles were moved in a rectangular box of variable shape, and the pressure was decreased in Table 1 . it (b) The isotherm of the L system. Circles, stars and lines have the same meaning as in (a). The triangles correspond to the series with increasing pressure and a box of variable shape. The open squares represent the runs tabulated in Table 1 To check the dependence of the EOS on the system size, the experiment was performed in the same way for N = 784 squares. In the case of expansion no differences exceeding the experimental error were noticed between the isotherms of the S system and the L system, except in the very neighbourhood of the cusp, where the isotherm of the L system was located slightly above that of the S system. The same was true for the cusp itself. Below the cusp the series with increasing pressure did not show any density differences, when compared with that with decreasing pressure. However, rather large differences were obtained above the cusp:
the densities in the compressed L system were about 2 percent lower than in the system under expansion. The EOS branch corresponding to the compression experiment was smooth and did subsequent runs from p = 30 down to p = 3. The initial structure at p = 30 was a perfect 14 × 14 square lattice with particle sides oriented parallelly to the sides of the box, see A few runs were also performed for the XL system. We observed further decrease of densities for pressures in the vicinity of the cusp. The comparison of the EOS data obtained from long runs for some pressures at various N is presented in Table 1 . It can be seen there that the system exhibits large number dependence of the EOS in the intermediate region.
Outside this region we did not observe any number dependence of the EOS exceeding the experimental error: for p 7 and p > 12 the obtained densities were, within the accuracy of the simulations, the same as in the L and S systems. The number of the data points in the case of XL system is, clearly, not sufficient to distinguish, by analysis of the EOS only, between a discontinuous (weakly first-order) -and a continuous (cusp-like) transition. Fig. 3 . Comparison of the Monte Carlo results at N = 196 with some theoretical approximations: the self-consistent free volume theory (SCSF), the smoothed free volume approximation (SFV), the scaled particle theory (SPT), and the virial expansion truncated at the fourth term In Fig. 3 the experimental results are compared with some theoretical approximations. At low densities these are: (i) the fourth-order virial expansion:
and (ii) the scaled particle theory (SPT) [14] :
where [14] and the virial coefficients B 3 and B 4 are taken from the Ref. [15] . It can be seen that the virial expansion considerably underestimates the MC data for ρ > 0.25. Much better, although still not perfect, agreement is offered by the SPT.
At high densities the results of the self-consistent free volume approximation (SCFV) are
shown. The SCFV is a kind of a one-particle mean field treatment [37] ), which can be solved exactly in the case of squares [38] . As it can be seen the agreement between the MC data and the SCFV is quite good for p > 11.
It is interesting to notice that a smoothed version of the free volume (SFV) theory (obtained by assuming that each molecule moves in a cell formed by lines tangent to its nearest neighbours fixed at their lattice positions and orientations) reproduces very well the shape of the isotherm in the whole density range. The EOS obtained within this approximation exhibits a cusp at i.e. at the value above which the molecules can rotate in the cells. Comparison with the MC data may suggest that the cusp in the actual isotherm is related to a rapid change of the orientational order in the system. We will return to this question in the next section.
The specific heat
The EOS of a hard body system is closely related to its constant-pressure specific heat per particle, c p : Fig. 4 , shows that the SFV appears to be also a reasonable approximation for the specific heat of the system. The sharp peak in the SFV's specific heat, located at the same density where the cusp in the EOS is obtained within this approximation, indicates rapid release of the orientational degree of freedom of the molecules at the transition. Rough results obtained for the specific heat of the larger systems suggest that with increasing N the peak moves to higher densities and its amplitude increases.
Shape of the sample
Simulations performed in the box of variable shape allow the system easily to reach the equilibrium structure. In Fig. 5 the pressure dependence of the sides of the periodic box is shown for the S and L systems. It can be seen that the box sides are (within the experimental error) equal down to p 10.5, i.e. the box preserves its initial, square shape. Resistance the next section, we will call the lower branch -fluid. In the upper branch we will, perhaps somehow arbitrary at the moment, distinguish two regions, above and below p = 11. In the first of them (p > 11) the SCFV theory rather well approximates the isotherm of the system.
As the SCFV approximation is known to reproduce well various dense solid phases [38] , this region will be further referred to as a solid one. The remaining region, between the cusp and the solid, will be referred to as an intermediate region.
STRUCTURE AND ORDER IN THE SYSTEM
The structure and the order in a molecular system can be determined by analysis of ordering of molecular axes and the space distribution of molecular centres of mass. We will start with description of the orientational order of the squares.
The orientational order of molecules
A rough information on the orientational order can be obtained by analysis of the orientational singlet distribution function (OSDF) which is the probability that a molecule has a given orientation. The histogram of molecular orientations (modulo π), obtained at a few pressures in the S system, is plotted in Fig. 6 . The range of φ in the histogram was two times larger than that required by the symmetry of the square. This allowed for observation of the (6) the point where η φ changes from very small values to 1/4 strongly depends an the system size and this point moves to higher pressures and densities with the increasing size of the system.
In the fluid phase one expects short range orientational order of the molecular axes and the MO pair correlation function having the exponential form:
The KTHNY theory predicts that ξ 4 diverges when the isotropic fluid reaches the temperature of the transition to the ordered phase. In a hard body system the temperature is proportional to the inverse pressure, and the KTHNY-dependence of ξ 4 near the transition temperature T i has the form:
We calculated the values of ξ 4 at a few pressures and used them to determine the point where the disclinations unbind. This is illustrated in Fig. 10 for the S system. It can be seen that the point where disclinations unbind coincides with the cusp in the EOS and the point where The ordering of the molecular centres can be characterized by the radial distribution function and by correlations of the bonds between the centres of nearest neighbours.
The bond-bond order
Computation of the bond-bond orientational correlation function (its definition is the same as that of g 4 (MO) (r) except that molecular orientations are replaced by orientations of inter-particle bonds), g 4 (BO) (r), requires much more computer time than the correlations of the molecular axes do. In the square system one can avoid the latter computations as the molecular axes are strongly coupled with the intermolecular bonds. This can be seen in Fig. 11 , where exponents obtained from power fits to both functions are compared: the exponents are equal within the experimental error. It follows from this figure that the hard square system does not form a phase with only a single kind of the orientational order, i.e. neither a phase with MO and without BO order nor a phase with BO and without MO can exist in this system. The existence of the strong coupling between the MO and the BO can be used to explain the presence of the sharp peak observed in the specific heat. Such a peak is not expected at the disclination unbinding which, according to the KTHNY theory, is responsible for the destruction of the BO order and which should be accompanied by a small bump in the specific heat [30] . The strong coupling between the MO and the BO implies that destruction of the BO order is accompanied by the destruction of the MO order. The latter is responsible for the strong peak in the specific heat, reproduced very well by the SFV approximation.
The translational order of the molecular mass centres
The radial distribution function in the solid region displays strong maxima of slowly decaying amplitude. At high pressures this function has a rather complicated and irregular structure. At lower pressures this function is similar to that shown in Fig. 12 . It is easy to see that its decay is algebraic (Fig. 13a) . We did not determine the value of the exponent of the algebraic decay of the radial distribution function at high pressures because its highly structured form makes this procedure very inaccurate. At lower pressures the exponent can be estimated more accurate, and its value at p = 12, i.e. near the point where the radial distribution function changes the character of the decay of its maxima, appears to be close to 2/3 what is twice as large as in the case of the isotropic system [30] . In the intermediate region the amplitude of the maxima of the radial distribution function decays also rather slowly (Fig. 12) . The decay is, however, clearly faster than the algebraic one (Fig. 13a) . At large distances the decay can be reasonably approximated by the exponential (Fig. 13b) . In the fluid the amplitude of the maxima decays quickly (Fig. 12) , and the decay is clearly exponential (Fig. 13b) . Assuming the exponential decay:
Strong configurational degeneracy of the close packing limit of squares allows for nonperiodic arrangements in this system even at very high densities. In the case of parallel squares of fixed orientation various versions of the free volume theory predict that a 2D analogue of a columnar or smectic phase is more stable than the square lattice [38] . When the squares can rotate the free volume theory is not so conclusive as its result depends essentially on the details of the approximation [38] .
Simulations of the S system showed sliding of columns and rows of squares even at the highest densities studied (Fig. 14a) . The snap-shot configurations revealed some neighbouring rows and columns of the squares 'out of phase' (i.e. shifted by a distance different from the average distance of centres of the squares which could be interpreted as the lattice constant).
Such results might be interpreted as a support for stability of the 'columnar' phase. However, one should be aware that sliding of rows/columns may be an artifact caused by a small size of the box of periodicity (an example is the artificial columnar phase in the system of parallel hard spherocylinders [4] ). Indeed the observation of the L system showed that the row and (10) in the intermediate region and in the fluid, we calculated the correlation length, ξ, in the S system (see Table 2 ). Assuming that, when the solid phase is approached, the correlation length diverges in the similar way as it was predicted for the isotropic case [30] : Table 2 phase only weekly depends on the system size; it seems rather safe to expect that in the thermodynamic limit it occurs not far from p = 10.5.
Fig. 14. Snap-shot configurations of: (a) the S system, (b) the L system, and (c) the XL system. The molecules forming (vertical) columns in the initial perfect structure are represented by the same, small symbols. Larger symbols (circles and squares) represent two (horizontal) rows column shifts were much less frequent (Fig. 14b) . Moreover, the neighbouring rows and columns were typically 'in phase', forming a square lattice (at least locally). Frequency of the row sliding was even less frequent in the XL system (Fig. 12c) ; the structure observed there is simply the square lattice with some defects. At high densities the structures observed were, in general, more ordered and closer to the perfect square lattice. Hence, we conclude that the solid phase of the hard squares is the 2D square crystal.
SUMMARY AND CONCLUSIONS
The MC simulations performed for N = 196, 784 and 3136 hard squares in a periodic box revealed a tetratic phase (of short range translational order and quasi-long-range bond-bond and molecular orientational order) between the isotropic fluid and a 2D square crystal. Neither a 2D analogue of a 3D smectic or columnar phase nor a 2D plastic crystal has been observed.
The transition between the crystalline and tetratic phase appears to be continuous and smooth.
The transition between the tetratic phase and isotropic fluid is either continuous (cusp-like) or weekly first order.
If one compares the results concerning the lower and the upper bound of the inter-mediate, tetratic region, it is easy to see that it shrinks with increasing of the system size. Hence, a question arises about stability of this phase in the thermodynamic limit. The present results do not allow us to either prove or disprove stability of the tetratic phase in the thermodynamic limit. The observed strong dependence of the EOS on the system size in the intermediate region seems to be a serious obstacle for solution of this problem. Smart methods based on analysis of the size dependence of the free energy of small systems [39, 40] may be risky in the present case by analogy to the hard disc system. (In the latter case such a method gave a result being in clear contradiction with direct studies performed for large systems [18, 17] .) Similar objections can be posed against methods based on the direct evaluation of the free energy in distinct phases. The latter methods are also known to generate artificial results in too small systems (the example is the columnar phase in the hard spherocylinder system; compare the Refs. [4, 41] ). Thus, one can expect that use of very long runs and studies of very large systems will be necessary to solve the problem of thermodynamic stability of the tetratic phase in the hard square system.
The simulations prove the existence of strong coupling between the molecular orientations and intermolecular bonds. This implies that both the molecules and bonds have to show the same ordering in the system.
It is worth to add that a simple mean field approximation, smoothed free volume, reproduces the MC results concerning the EOS and the specific heat surprisingly accurate.
It may be interesting to perform analogous studies for the system of hard triangles. If the tetratic phase of the hard squares is induced by the molecular anisotropy, as it is suggested by the model discussed by Kleinert and Janke [33, 34] , then the triangle system (as consisted of more anisotropic particles) should exhibit a hexatic phase. Otherwise, e.g. if the existence of the tetratic phase in the system of squares is related to the 4-fold symmetry then the system of triangles may behave in a standard way, i.e. form only two phases.
